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CHAPTER- 4
First and Second Order Transient Circuit Analysis
First-order circuits
1.1 Introduction
This chapter considers RL and RC circuits.

e Applying the Kirchhoff’s law to RC and RL circuits produces differential
equations.

e The differential equations resulting from analyzing the RC and RL circuits are
of the first order. Hence, the circuits are known as first-order circuits.
> A first-order circuit is characterized by a first-order differential equation

4.2 The Source-Free RC Circuit
e A source-free RC circuit occurs when its dc source is suddenly disconnected.
e The energy already stored in the capacitor is released to the resistors.

Consider the circuit in Figure 4.1
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Figure 4.1
Assume voltage v(t) across the capacitor. Since the capacitor is initially charged, at time t = 0, the
initial voltage is v (0) = Vo
With the corresponding of the energy stored as
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Applying KCL at the top node of the circuit,

ictir=0
By definition, . dv
o =C—
dt
.V
g =—
R
c% A
Thus, t R
or
dv. v
—t—=
dt CR
This is the first-order differential equation. Rearrange the equation,
v__ 1y
v RC
Integrating both sides,
Inv= b +InA
RC
where Iln A is the integration constant.
Thus, In A b
A RC
Taking powers of e produces,
v(t) = Ae "¢

But from the initial condition, v(0) = A = Vo
Thus,

V(t) — Voe—t/RC

(4.1)

This shows that the voltage response of the RC circuit is an exponential decay of

the initial voltage. Since the response is due to the initial energy stored and the

physical characteristics of the circuit and not due to some external voltage or

current source — it is called the natural response of the circuit. The voltage

response of the RC circuit:
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Figure 4.2

As t increases, the voltage decreases toward zero. The rapidity with which the
voltage decreases is expressed in terms of the time constant T.

The time constant of a circuit is the time required for the response to decay by
a factor of 1/e or 36.8% of its initial value.

This implies at t =T,
—z/RC
v(t)=v,e "™ =0.368y, 4.2)

The voltage is less than 1% after 5 time constant the circuit reaches its final state

or steady state.

e The current ir(¢t) is given by

|R(t) — V(t) — V_oe—t/r

— 4.3
e The power dissipated in the resistor is
2
. V
t) =vip, =22
e The energy absorbed by the resistor up to time t is
: Vi oy
Wy (t) = [ pdt = L}%e -
— ltjle—lrf'r;
2R o
W (t) = S CV.2 (1—e27)
R - 2 0 (4.5)



The key to working with a source-free RC circuit:
i.  Find the initial voltage v (0) = Vo across the capacitor.

ii. Find the time constant.

iii.  Obtain the capacitor voltage

_ _ -l
v.(f) =v(t)=v(0)e
Note: In finding the time constant T = RC, is often the Thevenin equivalent
resistance at the terminals of the capacitor (take out the capacitor and find R =
Rru at its terminal).
Example 1: In Figure 4.3, let v¢(0) = 15 V. Find v¢, vx and ix for ¢t > O.
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Figure 4.3
Change the circuit to the standard RC circuit as shown in Figure 4.4

+
ch § v == B 3
Figure 4.4
R, =(8+12)5=4Q

1 =R, C=(4)(0.1)=0.4s
Thus,

Using voltage division,
12

S v=0.6(15¢7"") =9 'V
T 12+8




Finally,
Example 2: The switch in the circuit in Figure 4.5 has been closed for a long time
and it is opened at t= 0. Find v(t) for t > 0. Calculate the initial energy stored in

. | % A
i =-=*=0.75¢">"A

X

the capacitor.

3Q >§) 1 Q2

— A AW
+
20V ‘ 90 v == 20 mF
Figure 4.5

For t < O, the switch is closed; the capacitor is an open circuit to dc.

3Q 1 Q
AN I ANN——0
+
20V + 9 Q% Vc(O)
o

Figure 4.6

Using voltage division,

9
v.()=——(20)=15, t<0.
¢ (1) 9+3( ) <

Since the voltage across a capacitor cannot change instantaneously, the voltage
across the capacitor att = 0- is the same at t = 0, or

v.(0)=V, =15V



Fort >0,

Figure 4.7

Req=1+9 =10Q
T = ReC = (10) (20 X103) = 0.2 s

Thus,

V() =v.(0)e""" =15¢"""v
The initial energy stored in the capacitor is _

w.(0) = %@2(0) = % (20)(107)(15%) =2.251
4.3 The Source-Free RL Circuit

e Consider the circuit in Figure 4.8:
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Figure 4.8

e Goal is to determine the current i(t ) through the inductor.
e Why we select the inductor current as the response? The inductor current
cannot change instantaneously.



e At t =0, we assume that the inductor has an initial current Io or i(0)=Io
Energy stored in the inductor,

|
w(0)=~LI;
( 5 Ho
Applying KVL,

VL+Vr=0
But,
di
v, =L— and v, =iR
L df R
Thus,
Lé +Ri=0
dt
ﬂ = E; =0
dt L
Rearranging terms and integrating gives,
a'{f!df t R i) RFI
—=—| —dt=ni|, =——
I!II i '[D L |IU L 0
. Rt
sAni(f)—Inl, :_f+0
i) __Ri
I, L
Taking the powers of e,
it)=1.e"" (4.6)

Thus, the natural (current) response of the RL circuitis as shown:

(1)

_Tangentat:=0
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Figure 4.9



From Equation 4.6, the time constant is

r=—= (4.7)

The voltage across the resistor,

Vo) =iR=1,Re™"” (4.8)
e The power dissipated in the resistor is,
p=Vvi=IRe?”" (4.9)

The energy absorbed by the resistor is,
we ()= | pdt = I;R e dt

| I |
=——1,R "
2 : 0

W, (t) = % LI 2(L—e2) (4.10)
|
Note: as [ —>oo,W,(f) = E LIS, which is the

same as W, (0), the energy initially stored in the

inductor.

The key to working with a source-free RC circuit:

i.  Find the initial current i(0)=Ip across the inductor.

ii. Find the time constant.
iii.  Obtain the inductor current

i, (t)=i(0)e™"

Note: R is often the Thevenin equivalent resistance at the terminals of the
inductor (take out the inductor and find R = Rru at its terminal).

Example 1: Assuming that i(0) = 10 A, calculate i(t) and ix(t) in the circuit in
Figure 4.10.

4Q
AN~

il }ix
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Figure 4.10




Two Methods to find the i(t),
Method1

The equivalent resistance is the same as the Thevenin resistance at the inductor
terminals. Existence of dependent source — insert a voltage source with vo = 1V

at the inductor terminals.

=% a 4Q
-O0— AWV
2,=1V @ 2Q§ O ‘3:’,
b
Figure 4.11
Applying KVL,
Loop 1:
2(i,—i,)+1=0
. 1
=1, =—=
Loop 2:
6i, —2i,—3i, =0
— 5 =
l, = gil
Thus
I, ==3Aand [, =—i, = 3A
Hence,
v, |1
Riqr:RTH :,_:_Q
iy 3
L 3
'z = =—35
R, 2
Thus,

i(H)=i(0)e"" =10e™""A



Method 2: Consider the following circuit:

4Q
AW~
0.5H$ @ 2Q§ @ +3,
Figure 4.12
Applying KVL,
Loop1:
| di L
2 dt
di
—+4(i,—i,)=0
df | 2
Loop2:
6i, —2i, —3i, =0
=i
2 6 1
Thus,
dt 3
di_ 2,
i 3
Since fl =1,
d-
—,':—ga‘r
I 3
Integrating gives,
b 2 I
]r”:'[[}} ==
0
n 0 _ 2,
i0) 3

Taking the power of e,
i(1) =i(0)e ™ =10e7 A

which is the same as Method 1
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The voltage across the inductor is,

_ o di (2 ~(3)
=L =0.5010)f -
v 5 (0.5) )( 3}' v

10
y=——e Wy
Thus,
i (1)= % = —1.667¢ ¥ Afor t >0

Example 2: In the circuit shown in Figure 4.13, find io, vo and i for all time,
assuming that the switch was open for along time.
2Q 3Q

10V )2;:0 §6Q ézn

Figure 4.13
For t < O, the switch is opened — the inductor acts like a short circuit to dc,

2Q 3Q

10v, GQ§

Figure 4.14
From Figure 4.14,
io =0 A.
. 10
(t)=——-=2Afort <0
2+3

Vo (1) =3i(f)=6 Viort <0

Thus,
i(0) = 2A
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For t > O, the switch is closed the voltage source is short-circuited.

3Q

+Un— ‘10 ‘l

Figure 4.15
At the inductor terminal,

At the inductor terminal,
R, =3/6=2Q

‘IZLZIS
R

eq
Hence,

i(t)=i(0)e""* =2¢"'Afort >0

di
==y, :_LE fort >0
=-2(-2e"VY=4e7'V
. V 2 _
Iy (1) =L=—"¢"Afort>0
6 3

Thus, for all time:

e'A >0

3
0 6V  t<0
v —
0 4¢7'V t>0
, 24 t<0
i(t) =

2¢e7A =20

12
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Figure 4.16

4.4 Singularity Functions
Singularity functions are functions that either are discontinuous or have
discontinuous derivatives.

e Unit step function:

u(r) A

0

Figure 4.17

® 0 t<0 .
u(t) = 11
1 t>0 { ‘

13



If u(t)is delayed by to seconds:

u(t—ty) A

-~

0 to
Figure 4.18

0 f<i,
u(t—t,)=
1. >t

If u(t) is advanced by f,, seconds:
u(t+ 1) ?

1

'
'
'
]
]
1
1
1

~ ¥

—Iy 0

Figure 4.19
0 t<-=
u(t+t,) =
1l t>-t,

The step function can be used to represent an abruptchange in voltage
or current. For example, if the voltage is represented by,

0 r<i,
v(r) =
V, t>t,

can be expressed as

v(t)=V,u(t-t,)

14



The voltage source of Vou (t) and its equivalent circuit:

=0
—0 a O O a
Vou(®) & = @
L o0 b ) ob
Figure 4.20
The current source of Iou (t) and its equivalent circuit:
= i
t=0 :
R o W / 1 O O a
Ioll(f) é e—t 10 ’
—— o0 b o b
Figure 4.21

e Unit impulse function:
The derivative of the unit step function u (t) the unit impulse function d (t) .

-

0 t<0
O(t)= diu(r) =<Undefined t=0 (4.12)
[
0 >0
5@ A (1)
>
0 t
Figure 4.22

15



Also known as delta function. The unit impulse function is zero everywhere

except at t = 0, where it is undefined.

Impulsive currents or voltages occur in electric circuits as a result of switching
operations or impulsive sources.
It may be visualized as a very short duration pulse of unit area.

In mathematical form:

0+
|, 0()dr =1
Where
t = O- denotes the time just before t =0,
t = O+ denotes the time just after t = O and 1 (refer to unity) denotes the unit
area. The unit area is the strength of the impulse function. The effect of the

impulse function to other functions.

e Unit ramp function:
Integrating the unit step function u (t) results in the unit ramp function r(t). In
mathematical form:

r(t) = [ _u(t)dt = tu(r)

) 0, <0 A
r(r) = (4.13)
t, =20
r(t) A
] frsmmemay !
: >
0 1 t
Figure 4.23
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If r (t) is delayed by to seconds:

0 <1,

r(t—t,) =
[—t, 1>1,

r(f'—fo)ﬁ
] rmmmmmmm e

0 1 o+ 1
Figure 4.24

If r(t) is advanced by to seconds:

r(t+ fo) A

>
~t —ty+1 0 ¢

Figure 4.25

0 <1,

r(r+r0)={

t+1, t>1,

17



Example:
Express the voltage pulse in Figure 4.26 in terms of the unit step. Calculate its

derivative and sketch it.

v(1) A

1

10

0 1 2 3 4 3

Figure 4.26
The pulse consists of the sum of two-unit step functions

~Y

—10u(t—5) A

10u(t —=2)A
10 - 10
] » 0 1 1 | 1 »
R ]2 t 1. 2 3 4 5 t
-10 + T———
Figure 4.27
Thus,

v(t) =10u(t —2)—10u(t —5)
=10[u(t-2)—u(t-95)]

Its derivative:

av _ 10[8(r-2)-8(-5)]
dt

The pulse:

18
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Figure 4.28

4.5 Step Response of an RC Circuit

e When the dc source is suddenly applied, the voltage or current can be modeled
as a step function. Known as a step response.

The step response of a circuit is its behavior when the excitation is the step
function, which may be a voltage or a current source.

e Consider the circuit in Figure 4.29 (a) and (b):

V() C /= v

(b)

Figure 4.29
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e Assume the initial voltage Vo at the capacitor.
e Since the voltage of a capacitor cannot change instantenously,

(07)=1(0") =V,
e Applying KVL,
dv N v—Vu(r) _
dt R
dv vV,
— =
dt RC RC

C

0

u(t)

where v is the voltage across the capacitor.
e Fort>0,

I
dt RC RC
dv_ v-V

5

dv v 1%
+

dt  RC
dv dt

-—

v—V, RC

e Integrating both sides and introducing the initial conditions,

t
vir) r

“ = RCl

In((1)—V,)~In(V, -V, )=— ;Cm

In(v-V)

V=V t
In =—
V, -V, RC

v(t) =V, +(V, =V)e™ ", t>0

Vas t<0

v(f)=
¢) Vi+(V,=V)e ™, t>0

(4.14)

Equation 4.14 is known as the complete response (or total response) of the RC

circuit to a sudden application of a dc voltage source, assuming the
capacitor is initially charged.

20



Assuming that Vs > Vo, a plot of v(t) is,

v(f) A
V, pommmemmmmmmooooaas
Y
>
Figure 4.30
e If the capacitor is uncharged initially,
V,=0
0, r<0

Sovlr) =
YO=y d=e), 150

or

v(t) =V (1—e""")u(r)

The complete step response of the RC circuit when the capacitor is initially
uncharged.
The current is obtained using

dv
(1) =C—
i(1) 7

From v(t ) equation.

e V(t) has two components two ways to decompose the components.

e First way — natural response and forced response.

Complete response = Natural Response (stored energy) + Forced Response

(independent source)

21



V =Vn + V¢
where

v :Voe—tlr

v, =V, (1-e™")

Second way transient response and steady-state response.
Complete Response = Transient Response (temporary part) + Steady-state
Response (permanent part)

Or
V = Vt + Vgs
where
_ . —t/1
v, =V, —Vy)e
. _ ~tlt
v, =(V,=V;)e
and

Vss = Vs

The transient response vt is temporary the portion of the complete response that

decays to zero as time approaches infinity.

The transient response is the circuit’s temporary response that will die out with

time.

The steady-state response vss is the portion of the complete response that
remains after the transient response has died out.

The steady-state response is the behavior of the circuit a long time after an
external excitation is applied.
e The complete response may be written as

V(1) = v(o0) + [v(0) —v(co) " (4.15)

where
» v(0) is the initial voltage at t = 0*
» V() is the final or steady-state value.

22



e To find the step response of an RC circuit
i.  Find the initial capacitor voltage, v(0).

- obtain from the given circuit for t < O.

ii.  Find the final capacitor voltage, v(«)

- obtain from the given circuit for t > 0.
iii. The time constant,
- obtain from the given circuit for t > 0.
Example 1: The switch in Figure 4.31 has been in position A for a long time. At

t = 0, the switch moves to B. determine v(t) for t > O.

3kQ A B 4kQ
— VWV = (o} AMN
~= A
+
v =—— 0.5 mF 30V

Figure 4.31

24V ? 5kQ§
Fort <O,

The capacitor acts like an open circuit to dc, but v is the same as the voltage
across the SkQ resistor.
Hence, the voltage across the capacitor just before = O is obtained by voltage
division as
- 5
v(07) 5+3(24) 15v
Since the capacitor voltage cannot change instantaneously,
v(0)=v(0")=v(0") =15V
Fort>0,
Rru = 4kQ
T=Rmu C=4x103x0.5x103=2s
Since the capacitor acts like an open circuit to dc at steady state, v(«)= 30 V.
Thus,

V(1) = v(e0) + [v(0) — v(e0) """
=30+(15-30)e™"""
v(1)=30-15¢""v

23



Example 2
The switch in Figure 4.32 is closed at t = 0. Find i(t) and v(t) for all time.

: =0
50 =
mdAA'A >§ 2
+
20u(-1)V B )Xo 10 Q 3A
Figure 4.32
I, <0
u(—t) =
0, >0

—2(1+e™HA, t>0
20V, r<0
V=
10(1+e ™)V, t>0

_ { 0, t<0
(1) =

24



4.6 Step Response of an RL Circuit
Consider the circuit in Figure 4.33,

“Al;\'\'?i ‘i

t=0

(@)
R
—AAA- ‘ ;
—+
V,u(t) L % v (2)
(b)
Figure 4.33

o Goal - find the inductor current i as the circuit response.
o Decompose the response into natural and forced current:

1=1p + 1f
where:
[ —tiT _
i =Ae"", T=—

A is the constant to be determined

The natural response dies out after five-time constants- the inductor becomes a
short circuit and the voltage across it is zero.

e The entire source voltage Vs appears across R.
e Thus, the forced response is

.!.j- =

Vs
R
ni=Ae Vs

e To find A, let Ip be the initial current through the inductor.
e Since the current through cannot change instantaneously,

i(0)=i(0)=1,

25



Thus, att =0,

JU:A+V—5
R
A=1, Vs
R
Thus,
. % Vo)
it)y=-—"=+ Iﬂ——flﬂ”
R R,
i() A
10
L R .
R
0 :r
Figure 4.34

Or, the response can be written as,

i(t) =i(>0) +[i(0)~i(e2) ™" 4.16)
To find the step response of an RL circuit

i.  Find the initial inductor current, i(0).
- obtain from the given circuit for t < O.
ii.  Find the final inductor current, i(w) .
- obtain from the given circuit for t > O.
iii. The time constant,

- obtain from the given circuit for t > 0.

26



Example 1: Find i(t) in the circuit in Figure 4.35 for t > 0. Assume the circuit
has been closed for a long time.

=0

20 30
—AWW—L- I

-\l
10V = 3H

Figure 4.35
When t <O,
The 3Q is short-circuited.
The inductor acts like a short circuit.

10
(0 )=—=5A
(0-) 5

Since the inductor current cannot change instantaneously,

i((0)=i(0")=i(0")=5A
When t > O,
The switch is open.

R, =2+3=5Q
1
R 5 15

TH

Thus,

i(1)=i(e0) +[i(0)—i(e0) """
=2+(5-2)¢ " =2+3¢""'A
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